In this study, we investigate the influences of fermionic q-deformation on the Einstein equations by taking into account of Verlinde's entropic gravity approach and Strominger's proposal on quantum black holes. According to Verlinde's proposal, gravity is interpreted as an entropic force. Moreover, Strominger's suggetion claims that extremal black holes obey deformed statistics instead of the standard Bose or Fermi statistics. Inspired by Verlinde's and Strominger's suggestions, we represent some thermostatistical functions of VPJC-type q-deformed fermion gas model for the high-temperature limit. Applying the Verlinde's entropic gravity approach to the q-deformed entropy function, q-deformed Einstein equations with the effective cosmological constant are derived. The results obtained in this work are compared with the related works in the literature.
I. INTRODUCTION
There is a long story behind researching the law of gravity from ancient times to now. Until the beginning of the 20th century, Newton's law of gravitation was accepted as an almost completed theory. But the Einstein's theory of gravitation which is well known as "general theory of relativity" emerged as the most successful theory until that time. After this important study, more complicated theories were developed such as gauge theory of gravity, quantum gravity, and string theory.
Recent years, the thermodynamic approximation of gravity has been underdeveloped. One can say that this aspect is based on Hawking and Bekenstein's papers [1] [2] [3] which are about the black hole physics and thermodynamics. Hawking showed us in his paper [1] that the black hole area cannot diminish in any process. From this idea, Bekenstein established the relationships between the black hole surface area and its entropy.
In 1995 Jacobson [4] used the black hole entropy to develop a gravity theory based on thermodynamics. He claimed that the theory of gravitation can be expressed by the first law of thermodynamics on a local Rindler horizon, not as a fundamental interaction. He also found the null-null components of the Einstein equation with the help of this thermodynamical approximation. Another important study was proposed by Verlinde [5] who theorized the emergence of gravity as an entropic force by using the holographic viewpoint of gravity [6] . This method which is called as entropic gravity provide him to find Newton's second law of gravity and Verlinde also found the time-time components of Einstein equations by using Tolman-Komar mass and the equipartition rule. Likewise, all the components of Einstein equations were derived in Ref. [7] . More detailed review can be found in Ref. [8] .
Discovery of entropic origin of gravity gives us a new method to modify Newton's law of gravitation or the general theory of relativity by modification of statistical thermodynamics. By means of this idea, many authors have extensively investigated the unification of thermodynamics and gravity theories such as Milgrom's MOND theory [9] , modified dark matter (MDM) [10] [11] [12] , modification of Coulomb law [13] , and extremal black holes [14] [15] [16] .
Moreover, according to the Strominger's idea in Ref. [17] , black holes can be considered as a q-deformed bosons or fermions and their statistics can be explained by q-deformed bosons and fermions statistics. Recently, several authors have intensively studied the thermodynamical and statistical properties of q-deformed bosons and fermions [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] . Also, the q-deformed systems have wide-ranging applications in many areas such as understanding higher-order effects in the many-body interactions [31] , vibrational spectra of diatomic molecules [32] , vortices in superfluid films [33] , and phonon spectrum in 4 He [34] . Another application is that black holes were considered as q-deformed bosons and thus q-deformed Einstein field equations were obtained [14] .
In the view of the above motivations, in this work, black holes are considered as qdeformed fermions which are known as Visvanathan-Parthasarthy-Jagannathan-Chaichian (VPJC) in the literature. Historically, the fermionic oscillator algebra of this model was presented in [35, 36] and some of its statistical properties were investigated in [37] . Therefore, this model was called as VPJC-type q-deformed fermion model in [38] . In addition, the high-temperature thermostatistical properties of this model for three spatial dimension were extensively analyzed in [39] . Using the deformed entropy function of this fermion model, the deformed gravitational field equations of Einstein can be derived by taking account of Verlinde's approach. This paper is organised as follows: In Sec. II, a brief summary of the VPJC-type q-oscillators model is given and some thermostatistical functions of the model for hightemperature limit are represented. In Sec. III, q-deformed Einstein field equations are derived with the effective cosmological constant. The conclusions are presented in Sec. IV.
II. HIGH-TEMPERATURE THERMODYNAMIC OF THE q-DEFORMED FERMION MODEL
In this section, we shall briefly review the essential relations of q-oscillators introduced in [35] [36] [37] . Also, we re-examine some thermodynamical properties of VPJC-type fermion model introduced in [39] on high-temperature limit.
VPJC-type q-deformed fermion oscillators algebra is defined in terms of the deformed fermionic creation and annihilation operator f * , f , and number operatorN [36, 37] :
where q is the real positive deformation parameter having the range q < 1. Furthermore, the deformed fermionic number operator for the VPJC-fermion model is defined [38] as
whose spectrum is
which is the q-fermionic basic number for the model. Moreover, VPJC-type q-deformed fermion model has the following fermionic Jackson derivative (JD) operator
for any function f (x). This fermionic JD operator does not reduce to the standard derivative in the limit q = 1 and is used to examine thermodynamic properties of our model. The VPJC-type q-deformed fermion model has the following mean occupation number [38] as
where β = 1/kT with k being the Boltzmann constant and z = exp(µ/kT ) is the fugacity. Using the relations in Eqs. (4) and (5), the logarithm of the fermionic grand partition function of the model can be found [39] as
For a large volume and a large number of particles, the sums over states can be replaced with the integral. Accordingly, the equation of state P V /kT = ln Z can be written as
where ε = p 2 /2m. Following the prescription of the fermionic JD operator in Eq. (4), we may re-express the above equation as
where λ = h/ √ 2πmkT is the thermal wavelength and q-deformed Fermi-Dirac function f n (z, q) is defined as
In a similar manner, the particle density of the q-deformed fermion model can be obtained as
From the thermodynamic relation U = −(∂ ln Z/∂β) z,V , the internal energy of the model can be derived as
The Helmholtz free energy A = µN − P V can be found from Eqs. (8) and (10) as
The q-deformed entropy function of the fermion model can be derived from the relation
If we put the one-particle kinetic energy E instead of kT in Eq. (13), the deformed entropy function can be re-expressed as
where
By using the deformed entropy function in Eq. (14), the deformed Einstein equations can be obtained. For this reason, we will apply the Verlinde's approach to our deformed fermion model in the next section.
III. q-DEFORMED EINSTEIN EQUATIONS
From Bekenstein [3] to now many people have studied the relation between statistical thermodynamics and gravity. They have also revealed some close connection between mentioned fields. In 2011 the theory which is known as the Entropic Gravity is constructed by Verlinde [5] . This theory shows that the gravity theory can be explained by the laws of thermodynamics. From this point of view an interesting idea has emerged; if one modifies the thermodynamic quantities such as temperature or entropy, one can get modified theory of gravitation. In the light of this idea, we would like to derive the Einstein equations with cosmological constant by using q-deformed fermion gas model. In this section, firstly, we briefly give Verlinde's approach on entropic gravity, secondly, the deformed temperature will be obtained and in the last modified Einstein equations will be found.
Considering time like Killing vector ξ a with a static background, we can relate the temperature and the entropy gradient of a system by using the Killing vector field to see the effect of the equivalence principle or the emergence of inertia. Now we will give some theoretical background about force, entropy and temperature. In general relativity, one can generalise the Newton's potential [40] as
also, its exponential corresponds to the redshift factor that relates the local time coordinate system. Taking the four-velocity as u a and its acceleration a b = u a ∇ a u b can be defined by using the Killing vector field,
Here the acceleration expression can be written as below by using the Killing equation ∇ a ξ b + ∇ b ξ a = 0 and the definition of Newton's potential (16),
These definitions provide us to write the force such as,
where the additional term e φ is due to the redshift factor. Verlinde considers the black hole horizon as a holographic screen for constructing entropic gravity based on Bekenstein's idea which is about relationships between black hole surface area and its entropy. The change of entropy of a particle which is located very close to the screen can be written as follows
where N a is unit outward pointing vector that normal to screen and m is mass of particle. We also know that the acceleration is perpendicular to screen. So, the entropic force takes the following form
This equation can be seen as a relativistic analogue of the Newton's law of inertia, where T is the non-deformed temperature according to the Verlinde's approach [5] given as
Considering the relation (22), if we deform entropy or temperature of the system, deformed force can be obtained or in the other words, we can obtain generalised gravitational theory. In our condition the entropy is thought as extremal [5] and it can be written,
Also, one can obtain the following relation
where ∂E ∂x a = −F a and ∂S ∂x a = ∇ a S. To obtain deformed temperature we will use the deformed entropy found in Eq. (14) and the last relation. So we get
Using Eqs. (21) and (22) the deformed temperature can be found as
Now we would like to obtain deformed Einstein equations originated from the entropic force by using deformed temperature in Eq. (27) . According to Bekenstein, if there is a test particle near the black hole horizon which is distant from a Compton wavelength, it increases black hole mass. This process is identified as one bit of information. Considering the holographic screen on closed surface of constant redshift, the differential of number of bits can be written as
where A is the area of closed surface on the screen and G is the Newton's gravitational constant. Assuming the total energy E associated with the total mass M distributed over all bits on the screen. According to the equipartition law of energy, E is equal to 1 2 T N . Using the relation E = M under the condition c = 1, the total mass can be written as
Using Eqs. (27) and (28), the total mass expression goes following form
This equation corresponds to the Komar mass for our deformed system and can be defined as q-deformed Gauss's law. Also, the Komar mass can be written in terms of Killing vector ξ a as
Using the Stokes theorem, the Killing equation and the relation ∇ a ∇ a ξ b = −R b a ξ a , we get the Komar mass as follows
where R ab is Ricci tensor and the factor α (z, q) is
Moreover, an alternative expression of the Komar mass can be given as [40] 
where T ab is energy momentum tensor, g ab is (mostly minus) space-time metric tensor and Λ is the standard cosmological constant. After these calculations, if we compare the Eqs. (32) and (34) then we get
and the Ricci tensor which satisfies the Bianchi identity as ∇R ab = 0, can be obtained as follows,
Finally, using the Eq. (36) and trace of it, we get following equation,
where coefficients G (q) and Λ (q) are, respectively, called the effective gravitational constant and the effective cosmological constant defined as
FIG. 1. The q-deformed reduction factor |h 3 / F (z, q)| as a function of z for the case q < 1.
The equation (37) corresponds to generalised Einstein equations for q-deformed fermion gas systems under high-temperature condition and it contains the effective cosmological constant and the effective gravitational constant. As we mention in Introduction, this equation has certain components of modified Einstein equations. Here α (z, q) −1 is a factor that carrying the information of deformed fermion gas system. In order to compare the behaviours of the effective gravitational constant G (q) and the standard gravitational constant G, in Fig.  (1) , the plot of the reduction factor |h 3 / F (z, q)| is shown as a function of z for the several values of the deformation parameter q for the interval 0 < q < 1. According to Fig. (1) , the values of reduction factor decrease with the value of the deformation parameter q. Moreover, this factor cause a decrease in the standard gravitational constant G. Therefore, the standard gravitational constant G is approximately 10 −99 times smaller than the effective gravitational constant G (q) . On the other hand, Eq.(37) can be written as below,
where T Λ ab can be defined as energy-momentum tensor of vacuum and using the definition of Λ (q) and G (q) we can write following expression,
and we obtain vacuum-energy density ρ Λ and vacuum pressure p Λ as well-known form,
This result shows that these quantities are not affected by the VPJC-type fermionic qdeformation of the system. In the next section, the results obtained in this study will be given by comparing some studies in the literature.
IV. CONCLUSION
This paper is related to the investigation of the effects of fermionic q-deformation on the Einstein field equations for high-temperature limit. We give VPJC-type fermion oscillators algebra introduced in [36, 37] . We also represent some the high-temperature thermostatistical functions of the deformed fermion gas model which previously studied in [39] . The deformed Einstein equations are obtained by applying Verlinde's entropic gravity approach to the deformed entropy function. Also, the effective cosmological constant and the effective gravitational constant are found in terms of the factor α (z, q) −1 and, respectively, the standard cosmological constant and the standard gravitational constant. According to Fig. (1) , the reduction factor |h 3 / F (z, q)| decreases when the deformation parameter q is increased. In this sense, we can say that the standard gravitational constant is 10 −99 times smaller than the effective gravitational constant.
Moreover, with the help of Eq. (41), we obtained the vacuum-energy density, which plays an important role to describe the cosmological formation, in standard form as ρ Λ =(Λ/8πG) [41] . This result shows that the q-deformed system may not affect the evolution of the Universe. The entropic gravity based on deformed thermodynamical quantities provide an alternative way to describe physical problems, for example, if we use different deformed thermodynamical quantities we may obtain some contributions to the dark energy because we know that there is a close relationship between the dark energy and the cosmological constant.
According to Strominger's work in [17] , extremal black holes obey deformed Bose or Fermi statistics. In this study, we consider them as deformed fermions and obtain a qdeformed gravitational definition for them. In the limit q → 1, the deformed fermion gas model reduces to standard fermion gas model. For this reason, the quantum black hole term vanishes because it only obeys the deformed statistics instead of the standard Bose or Fermi statistics. Therefore, q-deformed Einstein equations do not reduces to standard Einstein equations when taken into account Strominger's proposal.
On the other hand, a parallel discussion was made by the works of Dil with the use of different deformed systems [14, 16] . In the Ref. [14] , the extremal black holes were considered as deformed bosons and obtained deformed Einstein equations for them. In the Ref. [16] , there were found two-parameter deformed Einstein equations by assuming the extremal black holes as (p, q)-deformed fermions. Moreover, in the Ref. [9] , the modified Einstein equations were attained by considering the Debye correction to the equipartition law of energy in the framework entropic gravity scenario. As a consequence, the results in this study have different properties from these studies in the literature [9, 14, 16] .
The investigation of deformed Einstein equation by applying the low-temperature behaviour of the present deformed fermion model is a open problem to study in the near future.
